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525. 


AN EXAMPLE OF THE HIGHER TRANSFORMATION OF A 
BINARY FORM. 


[From the Mathematische Annalen, vol. Iv. (1871), pp. 359—361.] 


THE quartic 

(1) (a, b, c, d, e) (x, yY 
is by means of the two quadrics 

(2) (a, B, y) œ, yP and (x, R, y), yy 
transformed into 

(3) (m, bi, C, dh, 6) (Hs V), 


that is, eliminating æ, y from 
(a, b, c, d, e) (x, y} = 0, 


ay (a, B, y) (a, y) + Yı (a’, B; y) (a, yy = 0, 
we obtain 


(a, b,, Ci, ra €,)(%; y) = 0. 


It is required to express the invariants of (3) in terms of the simultaneous invariants 
of (1) and (2). 


Write 
F Q, R=arn + ay, Ba, + B'yi; yr, + Yh ; 


the equations from which (x, y) have to be eliminated are 


(a, b, C, d, e) (z, yy =0, (P, Q, R) (e, yř=0, 
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and the result of the elimination therefore is 
a, 4b ee 4d, e |=0, 
a, 4b, 6c, 4d, e 


P, 3. 2 
P, 2 N 
Pin 2O i 


Pe, R 
viz. this determinant is the transformed quartic (m, bi, ©, dh, 6) (a, y). 


The developed expression of the determinant is 


aRt — 8abQ R? 
—12ac 24 ad : 
sli adat PR -24u R + | _ 1g po ) POR -32 adh 
2 ae itis 
+] —32bd PR +( odpa) PER + 16 aQ 
+36 T 
24 be — 12 ce 
+ b j: se PQR — 32 bePQ + Gs i a) PR +24 cePQ: 
— 8deP*Q + eP’, 


so that writing for P, Q, R their values, we have the transformed function 
(a, b, à, h, &)(%, y1}, the coefficients being of the forms 


a, =(a, b, c, d, e (a, B, YY 
b, =( » y (a, B, yy (a, B; y) 


. 


e=( $ Ydi os we BA 
Writing Z, J for the invariants of the quartic (1), and 


A =4 (aß — d B) (By — B’y)— (Yx — ay’, 
B =(e, c, a, b, c, d) (af — 4B, Yx — q'a BY — B’yy, 


we have J, J, A, B simultaneous invariants of the forms (1) and (2). Putting more- 
over V =J?—27J%, and writing J, Ji, Vi, for the like invariants of the form (3), I find 


I, =4(41B +12JAB +424’), 
J,= 8 (8 JB + 4 2AB + 2 IJAB + (23? — fT?) A’), 


and thence 
J, = 256 (4B — IAB - JA’) V. 
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As a verification, suppose (a, b, c, d, e) (x, y} =a + yt (whence [=1, J=0). And take 
a, (2+y)P—y,(a—yy=0 for the transforming equation, that is, (a, 8, y)=(1, 1, 1) and 
(a, 8’, Y)=(—1, 1, -—1). We have P=R=a,-y, and Q=% +y, and thence 
Det. = (P? + RB’? — 16 POR + 16 @ 
= (2P?— 4Y = (— 2a? — 12 ay, — 2y,7), 


that is, 
(a, b, G, di e) C y) = 4 (a? + bxy +42), 
whence 
4096 ail ee Re sk 
hre iim otup aait Tez 
also 


A=-16, B=8, 


and the equations for J,, J; become 


aca =4(4. 64 + 4256), 
` art = 8 (4. — 16.64 + yy 4096), 


which are true. More generally, assuming 
(a, b, c, d, e)(a, Y) = a4 + 6O2*y? + yt, 
(whence J= 1 + 30:, J=@— 6), and the same transforming equation, we have 


(a, Bi, CF ANo) (a, y =4 (1 Gi 30) w? + (3 m 30) 2Y T (1 + 30) ye}, 
whence 


L=- (38) ae ie aor 
‘ak —3 Jai 1=— 97 4 ma Y; 


also 
A=-16, B=8(1-9®). 


Substituting these different values in the equations for J, Jı, we obtain 


16 (1 —30)? = 12 (1 + 362) (1 — ©)? — 72 (O — ©”) (1 — O) + 4 (1 + 30°F, 
and 
— 8 (1 —30) = 27 (© — @*) (1 — 8 — 9 (1 + 36°" (1 — OF 


+ 27 (1 + 30») (© — ©) (1 — ©) — 54 (@ — OF + (1 + 30%, 


which are in fact satisfied identically. 


Cambridge, 26 July, 1871. 
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